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Abstract 

We continue in this paper the study of locally minimal groups started in [1]. 

The minimality criterion for dense subgroups of compact groups is extended to local minimality. Using this criterion 
we characterize the compact abelian groups containing dense countable locally minimal subgroups, as well as those 
containing dense locally minimal subgroups of countable free-rank. We also characterize the compact abelian groups 
whose torsion part is dense and locally minimal. 

We call a topological group G almost minimal if it has a closed, minimal normal subgroup A'' such that the quotient 
group G/N is uniformly free from small subgroups. The class of almost minimal groups includes all locally compact 
groups, and is contained in the class of locally minimal groups. On the other hand, we provide examples of countable 
precompact metrizable locally minimal groups which are not almost minimal. Some other significant properties of this 
new class are obtained. 

Keywords: locally minimal group, minimal group, locally essential subgroup, essential subgroup, almost minimal 
group, GTG set, locally GTG group, group without small subgroups, locally quasi-convex group 
MSG 22A05, 22B05 

1 Introduction 

Minimal topological groups were introduced independently by Choquet, Doi'tchinov [T7] and Stephenson [3S]: a Hausdorff 
topological group (G, r) is called minimal if there exists no Hausdorff group topology on G which is strictly coarser than r. 
Various generalizations of minimality have been defined and intensively studied f|27j. |13jV The notion of local minimality 
was introduced by Morris and Pestov in j29] (see also [5] and [2]). A Hausdorff topological group is locally minimal with 
respect to a neighborhood of zero U if it does not admit a strictly coarser Hausdorff group topology for which U is still a 
neighborhood of zero. This paper continues the study started in pT, where the authors went further into some aspects of 
local minimality. We focus here mainly on two aspects: finding a "local minimality criterion" and introducing and studying 
the class of locally minimal groups that can be obtained as extensions of minimal groups via UFSS quotient groups. 

The problem of finding a local minimality criterion comes out as a natural question, if we take into account the crucial 
role which was played in the theory of minimal groups by the so-called "minimality criterion", due to Banaschewski 
Stephenson [3 5) and Prodanov |31) : namely, the characterization of those dense subgroups of a minimal group that are 
minimal as topological subgroups (we recall it in Theorem 13. ip . In Sj3]we obtain a counterpart of this criterion (Theorem 
13. 5p for local minimality based on the new notion of a locally essential subgroup (see Definition 13. 2[) . 

*The first named author was partially supported by MTM 2008-04599. The other authors were partially supported by Spanish MICINN 
MTM2009-14409-C02-01. The third author was partially supported also by SRA, grants Pl-0292-0101 and Jl-9643-0101. 



The rest of Section 3 and the whole of Section 4 are devoted to characterizing different classes of precompact locally 
minimal abelian groups using the local minimality criterion. Note that the study of local minimality in locally precompact 
abelian groups can be reduced to the corresponding problem for precompact groups; this is a consequence of the local 
minimality criterion and the fact that locally precompact abelian groups are exactly the subgroups of locally compact 
abelian groups, whose structure is well known. In Subsection 3.2 we characterize the dense locally minimal subgroups 
of finite-dimensional compact groups (Proposition I3.15P . In Section 4 we characterize the compact abelian groups which 
contain a "small" dense locally minimal subgroup, where by "small" we mean countable (Theorem 14. 9p . of countable free 
rank (Theorem I4.10|) or torsion (Theorem I4.11[) . Each one of these results is based on a known counterpart for minimal 
groups. Actually, we show that in many cases precompact abelian locally minimal groups turn out to be minimal (such is 
the case for subgroups of torsion- free compact groups), or close to minimal. 

We next consider locally quasi-convex groups. We recall the definition and basic properties of this class in Subsection 
5.1. A natural example of a locally quasi-convex group is the underlying group of a locally convex space; locally compact 
abelian and precompact abelian groups are always locally quasi-convex. The first link between the properties of local 
quasi-convexity and local minimality that we explore here concerns the class of UFSS groups. A Hausdorff topological 
group is UFSS (Uniformly Free from Small Subgroups) if its topology is generated by a single neighborhood of zero in a 
natural analogous way as the unit ball of a normed space determines its topology. As we showed in [3] , these UFSS groups 
constitute an important subclass of locally minimal groups. Continuing the study of the algebraic structure of locally 
minimal groups that we started in [U §5.2], we show that for every increasing sequence (m„) of natural numbers and every 
prime p, the group ®„gpjZ(p™") admits a non-discrete locally quasi-convex UFSS group topology (Theorem 15. 8p . Note 
that by contrast, the group Z(p°°) does not admit a minimal group topology for any prime p ((3.5.4) in |16)). 

The second main goal of this paper is to replace local minimality by a stronger property that still covers local com- 
pactness, UFSS and minimality (in the abelian case), but goes closer to them in the following natural sense: A topological 
group G is called almost minimal if it has a closed, minimal normal subgroup N such that the quotient group G/N is 
UFSS. Every almost minimal abelian group is locally minimal (Theorem l6.5l) . Further, it will be shown that every locally 
quasi-convex locally minimal group can be embedded into an almost minimal group (Theorem I6.12p . This embedding 
allows us to show that every complete locally quasi-convex locally minimal group is already almost minimal (Corollary 
I6.14p . In particular, every locally compact abelian group is almost minimal. Complete almost minimal abelian groups are 
Cech complete, hence /c-spaces and also Baire spaces. 

We give an example of a countable precompact locally minimal group which is not almost minimal (Example 16.171) , 
and show that one can actually construct c-many pairwise non-isomorphic groups with these properties (ProDOsition l6.l51) . 
These examples show that locally quasi-convex locally minimal groups which are not complete need not be almost minimal, 
and also that a locally essential dense subgroup of a compact group may fail to be almost minimal. 

2 Background 

Notation and terminology The subgroup generated by a subset of a group G is denoted by {X), and (x) is the 
cyclic subgroup of G generated by an element x G G. The abbreviation K < G is used to denote a subgroup K of G. 
Since we deal mainly with abelian groups, we use additive notation, and denote by its neutral element. For a subset A 
of an abelian group G and m e N, wc write A+ .™. +A := {ai + • • • + a„i : Ui E A, i E {1, • • • , m}}. 

We denote by N and P the sets of positive natural numbers and primes, respectively; by No the set N U {0}; by Z the 
integers, by Q the rationals, by M the reals, and by T the unit circle group which is identified with R/Z. We will denote 
by q the canonical projection from R to T. The cyclic group of order n > 1 is denoted by Z(n). For a prime p the symbol 
Z{p°°) stands for the quasicyclic p-group and Zp stands for the p-adic integers. The cardinality of the continuum 2"^ will 
be also denoted by c. 

The torsion part t{G) of an abelian group G is the set {x E G : nx ~ Q for some n E N}. Clearly, t{G) is a subgroup 
of G. For any p e P, the p-primary component Gp of G is the subgroup of G that consists of all x € G satisfying p"x = 
for some positive integer n. For every n G N, we put G[n] = {x E G : nx — 0}. We say that G is bounded if G[n] = G for 
some n E N. If p G P, the p-rank of G, rp{G), is defined as the cardinality of a maximal independent subset of G[p] (see 
[331 Section 4.2]). The group G is divisible if nG ~ G for every n E N, and reduced, if it has no divisible subgroups beyond 
{0}. The free rank ro(G) of the group G is the cardinality of a maximal independent subset of G. The socle of G, Soc{G), 
is the subgroup of G generated by all elements of prime order, i. e. Soc{G) = ®,„gp G[p]. 
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We denote by Vt(0) (or simply by V(0)) the filter of neighborhoods of the neutral element in a topological group 
(G,t). Neighborhoods are not necessarily open. 

For a topological group G we denote by G the Raikov completion of G. We recall here that a group G is precompact if 
G is compact (some authors prefer the term "totally bounded"). 

We say that a topological group G is linear or is linearly topologized if it has a neighborhood basis at formed by open 
subgroups. 

By a character on an abelian topological group G it is commonly understood a continuous homomorphism from G 
into T. Under pointwise addition the characters on G constitute a group G^ called the dual group or character group of 
G. Endowed with the compact open topology Tco, it becomes a HausdorfF topological group. A basis of neighborhoods 
of the neutral element for the compact open topology Tco is given by the sets (A', T+) := {x G : x{K) C T+}, where 
T+ :— (j([l/4, 1/4]) and AT is a compact subset of G. The natural evaluation mapping from G to (G^, Tco)^ will be denoted 
by ttG, that is, aG(x)(x) — xi^) fo^' every x G G^. Obviously, ao is injective if and only if the characters of G separate 
the points; in that case we say that G is maximally almost periodic. 

Let [/ be a symmetric subset of a group (G, +) such that G C/, and n £ N. We define {l/n)U {x E G : kx E 
U yk G {1,2, • • • ,n}} and Uoo := {x E G : nx E U Vn E N}. Note that for a symmetric subset [/ of a vector space we 



k=l 

All unexplained terms concerning topological spaces and topological groups can be found in [18] and [2] . For background 
on abelian groups, see [H] and [55] . 

3 Local minimality criterion 

3.1 Locally essential subgroups and local minimality criterion 

A HausdorfF topological group (G, r) is locally minimal if there exists a neighborhood of such that whenever a < t 
is a Hausdorff group topology on G such that F is a tr-neighborhood of 0, then ct = r. If we want to point out that 
the neighborhood V witnesses local minimality for (G, r) in this sense, we say that (G, r) is V -locally minimal. If local 
minimality of a group G is witnessed by some V E V,-(0), then every smaller U E Vt(0) witnesses local minimality of G 
as well. Examples for locally minimal groups are minimal groups and locally compact groups. Every open subgroup of a 
locally minimal group is locally minimal (H] Proposition 2.4]). 

We recall here the notion of an essential subgroup: a subgroup iJ of a topological group G is essential if 



The following minimality criterion played a central role in the study of minimal groups f |16l Theorem 2.5.1]): 

Theorem 3.1 ([B], |31) . [35) ) Let G be a Hausdorff topological group and let H be a dense subgroup of G. Then H is 
minimal iff G is minimal and H is essential in G. 

We propose now a "local" version of essentiality: 

Definition 3.2 Let H he a. subgroup of a topological group G. We say that H is locally essential in G if there exists a 
neighborhood F of in G such that H HN = {0} implies N — {0} for all closed normal subgroups TV of G contained in V. 

When necessary, we shall say H is locally essential with respect to V to indicate that V witnesses local essentiality. 
Note that if V witnesses local essentiality, then any smaller neighborhood of zero does, too. 

Remark 3.3 (a) Clearly, essential subgroups are also locally essential (simply take V = G). 

(b) The essentiality coincides in the case of discrete groups with the known notion of essentiality in algebra. In contrast 
with this, every subgroup of a discrete group is locally essential, i.e., local essentiality becomes vacuous in the discrete 
case. 

Proposition 3.4 Let G be a topological abelian group and let H be a subgroup of G. 

(a) If H is locally essential in G with respect to a neighborhood U of 0, then for every closed subgroup N of G, N Ct H 
is locally essential in N with respect to N nU. 




for every closed normal subgroup iV of G, [H Ci N ^ {0} => N = {0} 
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(b) IfV is an open subgroup of G, then H is a locally essential subgroup of G with respect to V iff HnV is an essential 
subgroup of V . 

(c) If H is locally essential in G with respect to a neighborhood U of in G, then for every closed and linearly topologized 
subgroup N of G, there exists an open subgroup V of N with V and such that H HV is essential in V. 

Proof, (a) is trivial and (b) is an easy consequence of the fact that a nontrivial subgroup of V is closed in G if and only if 
it is closed in V. 

(c) By (a) N H is a locally essential subgroup of N with respect to the neighborhood U O N oi in N. Now one can 
pick an open subgroup V oi N contained in U H N and apply (b) to V, N Ci H and N. QED 

Proposition I3.4r c). when applied to the particular case N = G, shows that the notion of local essentiality can be 
simplified further when the group G is abelian and has a linear topology. This is also a good evidence that the term 
"locally essential" has been chosen appropriately. 

We now give a criterion for local minimality. 

Theorem 3.5 Let H be a dense subgroup of a topological group G. Then H is locally minimal iff G is locally minimal 
and H is locally essential in G. 

Proof. Assume first that H is locally minimal. Let t be the topology of G and let W E Vr(0) be a closed neighborhood 
such that V — W O H witnesses local minimality of H. 

(a) Every Wi G Vr(0) satisfying Wi + Wi'^W witnesses local essentiahty of H in G. 

Let iV be a closed normal subgroup of G contained in Wi and such that NOH = {0}, then HD {Wi + N) C V. Denote 
by cr the group topology induced on H by the restriction of the canonical map f : G ^ G/N. A basic neighborhood of 
zero for this topology is H O {U + N) where [/ is a zero neighborhood in (G, r). In particular V is a neighborhood of 
also in cr. The topology a is Hausdorff, since N is closed and H D N = {0}. By the local minimality of H we conclude 
that a = t\h. Let us see that this implies N — {0}: The sets of the form ([/ + N) n H where U runs through the open 
neighborhoods of in (G, t) form a neighborhood basis of in (G, r) and contain N, since N + U is open. Since r is 
Hausdorff, it follows that N = {0}. Consequently Wi witnesses local essentiality of H. 

(b) W witnesses local minimality of G. 

Indeed, let tr < t be a Hausdorff group topology on G such that W G Vcr(O). Then cr is Hausdorff, cr|/f < t\h and 
y is a cr I //-neighborhood of in i/. Since H is locally minimal (with respect to V) we can claim that cr|/f = t\h. For 
every U E Vt-(O) there exists Ui £ V,-(0) such that Ui + Ui C U. Now UiD H is T|/f-open and hence also cr|/f-opcn. Then 
there exists a cr-open O e Vcr(O) such that OnH CUi. Then the r-density of in G yields O C TTcvff QUi + Ui . 
Hence U G V^(0). 

In the opposite direction, if F G Vr(0) simultaneously witnesses local minimality of G and local essentiality of H in G, 
then for every neighborhood Vi G Vt(0) with Vi +Vi C V the neighborhood ViD H witnesses local minimality of H. 

Indeed, fix a Hausdorff group topology a on H such that ViCiH & Vct(O) and cr < t\h- We need to show that cr — t\h. 

From the fact that r is a group topology, it is easy to derive that the family {U^ : U G Vo-(O)} is a basis of neighborhoods 
of for a group topology r' on G. 

We have t' < t since for every U G Vcr(O) there exists a r-open W G Vt(0) such that W O H C U and in particular 

DW f] = I) W (here we use that H is dense and W is open) . 

Moreover, V G V,-'(0) since 

V dVi + VidW ^ WnJf G v^'(o) 

Finally, r' is a Hausdorff group topology: Note that the subgroup 

is r-closed, normal and contained in V (as y is a r'-neighborhood of 0). Moreover, 

;7ev„(o) (7ev„(o) ;7ev<,(o) uev^{o) 
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and from local essentiality of H we deduce nc/ev„(o) ^ ^ i^i- 

Since {G,t) is ^-locally minimal we deduce t ^ t' . This trivially implies a > t\h- 

QED 

Example 3.6 For any nonempty set B of primes put Kb = YipeB'^iP)- arbitrary infinite set A of primes and 

consider a dense subgroup G of Ka- Then G is locally minimal iff G contains all but a finite number of the subgroups 
^(p); P & A. [According to Theorem 13.51 G is locally minimal iff G is locally essential in Ka- Every neighborhood of in 
Ka contains an open subgroup of Ka of the form V = Ka', where A' is a cofinite subset of A. By item (b) of Proposition 
13.41 G is locally essential with respect to F iff G H F is an essential subgroup of V. A simple application of the Chinese 
Remainder Theorem shows that every non-zero closed subgroup of Ka' has the form Kb, where _B is a nonempty subset 
of A' . Hence, G n y is an essential subgroup of iff G contains all subgroups p E A' .] 

Next we highlight some consequences of Theorem 13.51 

Corollary 3.7 (a) The class of locally minimal groups is closed under completion. Actually, a more general result is 
true: if G has a dense locally minimal subgroup H , then any subgroup H' with H < H' < G is locally minimal, too. 

(b) Let G be a group that is either locally compact or minimal. Then a dense subgroup H of G is locally minimal iff H 
is locally essential in G. 

(c) If G is a locally minimal topological abelian group and if H is a dense subgroup of G such that for some linearly 
topologized closed non-discrete subgroup N of G one has HON — {0}, then H is not locally minimal. 

Proof, (a) H is locally essential in G, so is the bigger subgroup H' . (b) is immediate, (c) Assume that H is locally 
minimal. Then H must be locally essential in G by Theorem 13.51 This will be witnessed by some open neighbourhood U 
of in G. By Proposition 13. 4r c). U contains an open subgroup V oi N such that H OV is an essential subgroup of V. 
But H OV Q H r\N = {Q}, hence V = {0}, a contradiction. QED 

Recall that a topological group (G,t) is called NSS group (No Small Subgroups) if a suitable neighborhood V E V'(O) 
contains only the trivial subgroup. The topological group (G, t) is called NSnS group (No Small normal Subgroups) if a 
suitable neighborhood V E V{Q) contains only the trivial normal subgroup. The distinction between NSS and NSnS will 
be necessary only when we consider non- abelian groups or non-compact groups f [36i 32.1]). It is clear that if G has no 
small normal subgroups, then every subgroup of G is locally essential, so we obtain the following corollary. 

Corollary 3.8 Let H be a dense subgroup of a locally minimal NSnS group G. Then H is locally minimal. 

Remark 3.9 Corollarv l3.8l provides a direct proof of the fact that every subgroup of a Lie group is locally minimal (note 
that any closed subgroup of a Lie group is still a Lie group). 

It is known that a group having a dense NSnS subgroup need not be NSnS (e.g., take a dense cyclic subgroup of [H 
Remark 2.16(a)]). We now show that this cannot occur when the dense subgroup is locally essential. 

Proposition 3.10 If H is a dense locally essential subgroup of a group G, then H is NSnS iff G is NSnS. 

Proof. Any dense (not necessarily locally essential) subgroup of a NSnS group is NSnS (this is Lemma 2.12(c) in |3]). 
Suppose now that H is NSnS. Assume that 

(i) the zero neighborhood in G is such that W O H witnesses NSnS of H; and 

(ii) the zero neighborhood in G witnesses local essentiality of H in G. 

We show that 14^ n F does not contain any nontrivial closed normal subgroup of G. Indeed, if is a closed normal 
subgroup of G and N C W V, m particular N D H is a. closed normal subgroup of H contained in W O H, hence 
NnH = {0}; since A^ C V^, by local essentiality we deduce Af = {0}. QED 

Remark 3.11 Locally compact abelian groups (LCA groups for short) have two useful properties: they are locally minimal 
and their structure is well known. As to the second point, a group is LCA iff it is topologically isomorphic to M" x H 
where ti G No and H has a compact open subgroup K. 
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An abelian group G is dense in a LCA group iff it is locally precompact. Hence the local minimality criterion implies: 
A locally precompact group G is locally minimal iff it is locally essential in its completion G; further, if G = R" x H with 
n S No and H having a compact open subgroup K , then G is locally minimal if G n ({0}" x K) is locally essential in 
{0}" X K , because the neighborhood V which witnesses local essentiality may be chosen to be contained in [—1, 1]" x K. 
Any subgroup contained in V is already contained in {0} x K . So the problem of local minimality of locally precompact 
groups is reduced to the question of precompact groups, which we will study in the following subsection. 

3.2 First applications of the criterion of local minimality to dense subgroups of compact 
abelian groups 

Lemma 3.12 Let K he a compact abelian group, let G be a subgroup of K and let N be a closed subgroup of K. 
If K/N is NSS then G is locally essential in K iff G H N is locally essential in N . 

Proof. According to item (a) of Proposition l3.4[ we have to see only that if Gn is locally essential in N then G is locally 
essential in K. By assumption, there exists a neighborhood V of zero in K such that V D N witnesses local essentiality 
of G n in A^ and such that q{V) C K/N contains only the trivial subgroup, where q : K ^ K/N denotes the canonical 
projection. Let L be a closed subgroup of K contained in V with LOG = {0}. Then q{L) is a subgroup of K/N contained 
in q{V). By the choice of V this yields q{L) = {0}. Hence L C kerq = A^. Thus L is a closed subgroup of A^ contained in 
VnN with i n G = {0}. By our hypothesis this yields L = {0}. QED 

Our next aim is to study finite dimensional compact abelian groups. 
Remark 3.13 If AT is a compact abelian group, the mappings 

N ^ N^ ^ {xe K"" : X \n^0} and H ^ = {x e K : (ix H) x{x) = 0}, 

define lattice antiisomorphisms (i.e., monotonely decreasing bijcctions) between the lattice of all closed subgroups N oi K 
and the lattice of all subgroups H of the discrete group K^, and they are inverse of one another. 

In particular, (A^^i H A'2)"'" = N-^ + N2, for any closed subgroups A^i, A'2 of K. The subgroups A^-*- and are called 
annihilators of A^ and H respectively. 

Recall further, that a compact abelian group is totally disconnected iff its character group is a torsion group, and it is 
connected iff its character group is a torsion-free group. 

If A^ and H are closed subgroups of K and K^ respectively, we have K/N = (N^)^ and = (K^/H)^. 

Remark 3.14 Let AT be a finite-dimensional compact abelian group with d = dim AT. Then its Pontryagin dual K^ has 
free rank d (see [231 8.26]), so there exists a subgroup H = 1/^ oi K^, such that K^ /H is torsion. The preceding remark 
implies that H-^ = {K^ /H)^ is totally disconnected. 

Let Afx denote the family of all closed subgroups N oi K such that K/N is isomorphic to T"^ (they are totally 
disconnected as dim A^ = dim A' — dim K/N = 0). In other words, Afx is the set of annihilators of subgroups H of K^ 
which are torsion-free of rank d (so that K^ / H is torsion in view of r{H) = d = r{K^)). 

For A^, A^' e Wk, also A^ + A' e and both A^ and A^' have finite index in N + N'. Indeed, if H and H' are the 
corresponding annihilators, by Remark l3.13l K^/H and K^ /H' are torsion and the canonical mapping K^/{H n H') ^■ 
K^ / H xK^ / H' is injective. This shows that K^ / {HDH') is a torsion group and hence, by the rank-condition, HOH' = Z'^. 
The character group of (A^ + N')/N is isomorphic to H/{H n H') and hence finite. 

Obviously, the family of subgroups H of K^ isomorphic to Z"* has no bottom element (e.g., for each H with this 
property the proper subgroup 2H has the same property) . Therefore, Afx has no top element with respect to inclusion. 

In this circumstance, N D N' need not belong to A/jc, but it is very close to, since K/ (N n A^') = T'' x A', where A is a 
finite abelian group. Indeed, (A^ H A^')-*" = H + H' is a. finite extension oi H = lA. When K is also connected, then K is 
a Lie group (i.e., isomorphic to T'^) precisely when all A^ e Nk are finite. In other words, the subgroups from the family 
J^K help us to understand "how much" K differs from a Lie group. 

Proposition 3.15 Let K be a finite- dimensional compact abelian group containing a dense subgroup G. Then TFAE: 
(a) G is locally minimal; 
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(b) G n N is locally essential in N for some N G Mr,' 



(c) G n N is locally essential in N for all N G Mk ■ 

Proof, (a) => (c) is a consequence of Proposition 13. 4f a') and the local minimality criterion, while (c) =^ (b) is trivial. The 
implication (b) =^ (a) follows from Lemma [3.12[ since by the above considerations K/N = T"*, and the local minimality 
criterion. QED 



4 Compact abelian groups containing a "small" dense locally minimal sub- 
group 

We start with a proposition which comes straightforward from the results of Section 3. 
Proposition 4.1 Let K be a compact abelian group and G a dense subgroup of K . 

(a) If {G,t) is linearly topologized then, G is locally minimal if and only if G has an open minimal subgroup. 

(b) If for some infinite totally disconnected closed subgroup N of K one has GHN = {0}, then G is not locally minimal. 

Proof, (a) Note first that K is also linearly topologized. Let V be an open subgroup of K witnessing local essentiality of 
G. Then Gi — GOV is an open subgroup of G that is dense and essential in the compact group V. Hence Gi is minimal. 
The converse is immediate. 

(b) Note that N is compact and infinite so it cannot be discrete. Since every compact totally disconnected group is 
linearly topologized, we can apply Corollarv l3.7r c). QED 



Corollary 4.2 Let K be a compact abelian group and let G be a subgroup of K. If K is torsion, then G is locally minimal 
iff G has an open .subgroup that is minimal. 

Proof. Since any subgroup of a torsion group is torsion too, we may suppose without loss of generality that G is dense 
in K. It is a consequence of [22l Theorem (25.9)] that a compact torsion group has a linear topology. Now Proposition 
mUa) applies. QED 



Remark 4.3 Note that item (a) of Proposition 14. II remains true without the assumption of precompactness; this follows 
easily from Lemma 2.3 in |14) (which we reproduce below as Proposition 15 .4r a) ) . 

Let us note that compactness cannot be replaced by local compactness in Proposition I4.1f b). Indeed, G = (J is a 
dense locally minimal subgroup of i^T = R fCorollarv 13.81) such that G H N = {0} for the closed and totally disconnected 
(actually, discrete) subgroup N = (\/2) of K. 

The following lemma, exhibiting the full power of Theorem l3.5l will be used in all proofs of this subsection. 

Lemma 4.4 Let p be a prime number, let K be a compact abelian group and let G be a dense locally minimal subgroup of 
K. 

(a) If K contains a (necessarily closed) subgroup N = Zp, then G H N ^ {0}, so t{G) C G. 

(b) If K contains a (necessarily closed) subgroup isomorphic to Z^, then rt)(G) > c. 

(c) If K contains a (necessarily closed) subgroup isomorphic to Z,{p)'^ , then \G\ > c. 

Proof. According to Theorem 13.51 G is a locally essential subgroup of K with respect to some neighborhood [/ of 0. 

(a) This follows directly from Proposition 14. 1 f b) . 

(b) Let be a closed subgroup of K isomorphic to Z^. Since |Zp| = c, one has an enumeration {^i : i G /} of 
Zp \ {0}, with |/| — c. Following the argument from [3T] (see also [TH Proposition 3.5.11]), we introduce the groups 
Ni = {(A, : A G Zp} for each i G /. Note that Ni ^ Zp and 

iV.niV, ={0}forz,jG/,z^j (2) 
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since the ring Zp has no zero divisors. By item (a), for every i e / there exists ^ gi E G D Ni. It follows from (2) that 
gi gj when i ^ j- Hence the subset X = {gi : i E 1} oi G has size c. So, it generates a torsion- free subgroup of G of 
size c. Therefore, ro{G) > ro{H) = \H\ = c. 

(c) Let iV be a closed subgroup of K isomorphic to Z(p)". Applying Proposition I3.4f c) . we conclude that there exists 
an open subgroup V N such that G" = Gn y is an essential subgroup of V. Since V must be isomorphic to N, from the 
fact that G' = G n y is essential in V we can conclude that G' = V. Since the latter group has size c we are done. QED 

Corollary 4.5 Let p be a prime number. If K is a compact abelian group containing a (necessarily closed) subgroup 
isomorphic to or to Z(p)", then every dense locally minimal subgroup of K has size > c. 

Remark 4.6 Recall that a compact group N is called p-monothetic if N is topologically isomorphic either to the p-adic 
integers Zp or to Z(p") for some n > 1. In particular, every p-monothetic group has a closed subgroup which is topologically 
isomorphic to Zp or Z(p). It is shown in [161 4.1.7] that every nontrivial compact abelian group has a nontrivial p-monothetic 
subgroup for some prime p. This allows us to take as test subgroups N for essentiality only p-monothctic ones, or even 
only those subgroups topologically isomorphic to Zp or Z(p) for some prime p. 

Next we show that under certain restraints on the algebraic structure of a precompact locally minimal group it turns 
out to be minimal. For example, the following corollary implies that if X is a product of copies of Zp with not necessary 
distinct primes p, then a subgroup G of X is locally minimal iff it is minimal. 

Corollary 4.7 Let K be a compact abelian group and let G be a subgroup of K . If K is torsion-free, then G is locally 
minimal iff it is minimal. 

Proof. Since any subgroup of a torsion-free group is torsion-free too, we may suppose without loss of generality that G is 
dense in K . Let G be locally minimal. In order to prove that G is minimal, it is sufficient to verify that G is essential in 
K (Theorem [nH]). Taking into account Remark 14.61 we fix a torsion- free p-monothetic group N. Obviously, N = lip. Now 
Lemma H^ a) implies {0} ^ G H N which completes the proof. 

QED 

For precompact abelian groups G of square-free exponent we have the following striking result: 
Corollary 4.8 Let G be a precompact abelian group of square-free exponent. The following are equivalent: 

(a) G is compact; 

(b) G is minimal; 

(c) G is locally minimal. 

Proof. The implications (a) (b) (c) are obvious. 

Let K be the compact completion of G. Then K has the same square-free exponent as G. Since G is dense in to 
prove that G = K \s compact it suffices to show that G is open (and consequently closed) in K. It is a consequence of 
Corollary 14.21 that G has an open, minimal subgroup N . The closure A^i of TV in if is a compact group of square-free 
exponent, i.e., Soc{Ni) — Ni. Since N is essential in A^i, N contains all elements of prime order of A^i. Consequently, also 
A^i = Soc{Ni) C A^. Hence N is compact in K. Therefore N is closed also in K. So it is open in K, as it is open in G. 
QED 

We apply the criterion of local minimality in the following three theorems. The first two of them characterize the 
compact abelian groups containing a dense locally minimal subgroup that is "small" from some appropriate point of 
view. As a measure of "smallness" we take either the size |G| of the group, or its free-rank ro(G) (e.g., torsion groups 
G are "small" in the latter sense as ro(G) = for a torsion abelian group). The third one characterizes the compact 
abelian groups whose torsion subgroup is dense and locally minimal. In these theorems the equivalences among the items 
(b)-(c)-(d) are the main theorems of [35], [TT] and [TJ], respectively. 

Let us recall here that every totally disconnected compact group N can be written as a topological direct product 
A^ = rip -^p of its topologically p-torsion subgroups Np ^ {x E N : p'^x — > 0} (cf. 1, Proposition 3.10]). 
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Theorem 4.9 For a compact ahelian group K the following assertions are equivalent: 
(a) K contains a dense locally minimal subgroup of size < c; 
(h) K contains a dense countable minimal subgroup; 

(c) K contains subgroups isomorphic to Zp or to Z(p)'^ for no prime p. 

(d) K is finite- dimensional and there exists a closed totally disconnected subgroup N of K such that: 
(di) K/N = T'^, where d = AmiK; 

(d2) N = YlpiK" X Pp), where Cp G {0, 1} and Fp is a finite p-group for each prime p. 

Proof. The implication (a) ^ (c) follows directly from Corollary 14.51 while (b) ^ (a) is trivial. The equivalence among 
(b), (c) and (d) was proved in [32]. QED 

Theorem 4.10 For a compact abelian group K the following assertions are equivalent: 

(a) K contains a dense locally minimal subgroup of free rank < c; 

(b) K contains a dense minimal subgroup of countable free rank; 

(c) K contains subgroups isomorphic to Zp for no prime p. 

(d) K is finite- dimensional and there exists a closed totally disconnected subgroup N of K such that: 
(di) K/N = T'^, where d ^ dimX; 

(d2) = Hp Np, where Np = Zp" x Bp, Cp e {0, 1} and Bp is a compact p-group for each prime p. 

Proof. The implication (a) (c) follows directly from Lemma l4.4f b). while (b) => (a) is trivial. The equivalence among 
(b) , (c) and (d) was proved in [11] . QED 

The compact abelian groups described in the next theorem are called exotic tori in [15) . The motivation for this name 
comes from the fact that every nontrivial closed subgroup of an exotic torus contains nontrivial torsion elements (the usual 
tori have obviously this property). 

Theorem 4.11 For a compact abelian group K the following assertions are equivalent: 

(a) the subgroup t{K) of K is dense and locally minimal; 

(b) the subgroup t{K) of K is dense and minimal; 

(c) K contains subgroups isomorphic to 1,p for no prime p. 

(d) K is finite- dimensional and there exists a closed totally disconnected subgroup N of K such that: 
(di) K/N where d = dimi^T; 

(d2) N — Y[p Np, where Np is a compact p-group for each prime p. 

In case K is a connected compact abelian group satisfying the above equivalent conditions, the subgroups Np in item (d2) 
are finite. 

Proof. Obviously (b) =4> (a). To see that (a) implies (c) apply Lemma [4.41 fa). The equivalence among (b), (c) and (d) 
and the restriction to the case of connected K were proved in [15]. QED 

Although the same compact groups share the properties from items (a) and (b) of the above theorem, the torsion 
abelian groups G that admit precompact locally minimal group topologies need not admit also a minimal group topology. 
An example is the Priifer group which admits no minimal group topology f|14j: (3.5.4) in |16) ) but, when endowed 

with the topology induced by the usual one on T, is precompact and locally minimal fCorollarv l3.8p . 
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Example 4.12 Let p be a prime. 

(a) It follows from Lemma 23] (c) that the group G = ®^ Z(p) does not admit any precompact locally minimal group 
topology. (The completion if of G is a compact group of exponent p, hence, according to [351 Theorem (25.9)] 
topologically isomorphic to Z(p)'^ for some infinite cardinal k. Now Lemma H^ c) applies.) 

(b) Let us see now that the group G = 0^ Z{p°°) does not admit any precompact locally minimal group topology either. 
Indeed, assume that G carries such a topology. Then its completion K is a, compact abelian group. Moreover, since 
G is divisible, K is divisible as well, so K is connected. Since G is torsion, we conclude that G < t{K), so t{K) is a 
dense and locally minimal subgroup of K (CoroUarv VS.li a,)). Now by Theorem 14. Ill fd). K is finite-dimensional and 
there exists a closed totally disconnected subgroup N oi K such that K/N ^ T'', where d = dim K and N — J^^ Np^ 
where Np is a finite p-group for each prime p. Let Kp denote the subgroup of all p-torsion elements of K. Then 
Kpl {N n Kp) — Kp/Np is isomorphic to a subgroup of t{T'^). On the other hand, A^p n G is a finite subgroup of G. 
Since G/ (GHNp) is a divisible p-group of infinite p-rank (as rp{Np) < oo), we conclude that G/{Gr\Np) = Z(p°°). 
Since G/ (Gn A'^p) is isomorphic to a subgroup of t{T'^) and rp{T'^) — d, this yields rp{G/ {GCiNp)) < d, a. contradiction. 

5 Locally quasi-convex groups 

In [3] we introduced the class of locally GTG groups. As we showed there, it fits very well in the setting of locally minimal 
groups as it gives a nice connection between this class and that of minimal groups. Since precompact abelian groups ([H 
Example 5.6(a)]), as well as UFSS groups ([4, Example 5.2(a)]), are locally GTG, this explains the importance of this new 
class. On the other hand, minimal abelian groups are precompact, so minimal abelian groups are both locally minimal and 
locally GTG. We proved in [H Theorem 5.10] that a Hausdorff abelian topological group is UFSS iff it is locally minimal, 
NSS and locally GTG. We are going to pursue this line in this section considering the class of locally quasi-convex groups, 
which also contains the class of precompact abelian groups and, as we will see, it fits equally well in the setting of locally 
minimal groups. 

The section starts with the notions and some basic properties of UFSS groups, locally GTG groups and locally quasi- 
convex groups. 

5.1 UFSS groups, locally GTG groups and locally quasi-convex groups 

Recall that a Hausdorff topological group (G, r) is uniformly free from small subgroups (UFSS for short) if for some 
symmetric neighborhood U of 0, the sets {l/n)U form a neighborhood basis at for t. Neighborhoods U satisfying this 
condition will be said to be distinguished. It is easy to see that any symmetric neighborhood of zero contained in a 
distinguished one is distinguished, as well. One can see that a UFSS group (G, r) with distinguished neighborhood U has 
the following property, which trivially implies that (G, r) is [/-locally minimal: if T is a group topology on G such that 
[/ is a T-neighborhood of 0, then t < T- All UFSS groups are NSS groups. A topological vector space is UFSS as a 
topological abelian group if and only if it is locally bounded (see [H Example 3.2(c)]). In particular every normed space 
is a UFSS group. 

Proposition 5.1 (14, Proposition 3.12]) The class of UFSS groups has the following permanence properties: 

(a) If G is a dense subgroup of G and G is UFSS, then G is UFSS. 

(b ) Every subgroup of a UFSS group is UFSS. 

(c) Every group locally isomorphic to a UFSS group is UFSS. 

Let G be an abelian group and let [/ be a symmetric subset of G such that G C/. We say that [/ is a group 
topology generating subset of G ("GTG subset of G" for short) if the sequence of subsets {{l/n)U : n € N} is a basis of 
neighborhoods of zero for a (not necessarily Hausdorff) group topology 7f/ on G. A symmetric subset C/ C G of an abelian 
group G is a GTG subset if and only if 3m G N with {l/m)U + {l/m)U C U (see |31 Proposition 4.4] ). 

A Hausdorff topological abelian group G is locally GTG if it admits a basis of neighborhoods of the identity formed by 
GTG subsets of G. 
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The polar of a subset A C G is the set := {x G : x(^) ^ The inverse polar of a subset _B of G^ is the set 

:= {a; e G : x{x) € T+ Vx e B}. The gwasj-conwea; hull of a subset A C G is Q{A) := (A'')^ = PIxgA^ X^\^+y, the set 
A is said to be quasi-convex if Q{A) ~ A (i.e. if for every x G G \ A there exists a character x S G^ such that x(^) ^ 
and x{x) ^ T+). When A is a subgroup of G, its polar A'^ coincides with its annihilator A^ , i. e. the subgroup of G^ 
formed by those characters x such that x(^) ~ {0}- 

A topological abelian group is locally quasi- convex if it admits a basis of neighborhoods of zero formed by quasi-convex 
sets. Vilenkin was the first to define locally quasi-convex groups f|37jV for groups with a boundedness. A natural example 
of a locally quasi-convex group is the underlying group of a locally convex space. Moreover, a Hausdorff topological vector 
space is locally quasi-convex as an (additive) topological abelian group if and only if it is a locally convex space ([71 2.4]). 
Subgroups and products of locally quasi-convex groups are locally quasi-convex. All character groups (endowed with the 
compact open topology) are locally quasi-convex; in particular compact abelian (and thus precompact abelian) groups are 
locally quasi-convex, as duals of discrete abelian groups. 

Quotient groups of locally quasi-convex groups are in general not locally quasi-convex. Even a quotient group of a 
locally quasi-convex group with respect to a discrete subgroup need not be locally quasi-convex, despite being locally 
isomorphic to the group (see 0). 

It is shown in [5J Example 3.5(b)] that UFSS groups may fail to be maximally almost periodic. One may ask whether 
a maximally almost periodic UFSS group G is already locally quasi-convex. A counterexample to this effect follows. 

Example 5.2 Fix any s € (0,1) and consider the topological vector space P of all sequences of real numbers which are 
summable in power s, with the topology given by the following basis of neighborhoods of zero: 



This space is not locally convex (see for instance Chapter 2]), hence the topological abelian group which underlies it 
is not locally quasi-convex. Since V is locally bounded (as Ui C r^^^'^Ur for every r > ) it is UFSS. On the other hand, 
it is clear that the characters of the form x i— >■ g(Ax„) (n e N, A G M) separate the points of the group, where g : R — T is 
the canonical projection. 

Proposition 5.3 Let G he a topological abelian group, 
(a) For the canonical projection g : M — > T, (/([— l/4n, \/An]) = (l/n)T+ 
(h) Let U be a quasi-convex subset ofG. For any n € N, 



All the sets {\/n)U are quasi-convex. Ln particular, if U is a quasi-convex neighborhood ofO, so are the sets {l/n)U 
for all n eN. 

(c) Let U be a quasi-convex subset of G. ForanynEN, {l/2n)U +{\/2n)U Q {l/n)U. In particular U is a GTG subset 



(d) If G is locally quasi-convex, G is locally GTG. 

Proof, (a) is standard. The first part of (b) is straightforward, the quasi-convexity of {l/n)U is a consequence of the fact 
that (l/n)T+ is quasi-convex. 

(c) Fix x,y £ {l/2n)U. According to (b), x(2;):X(y) ^ 9([^l/8?^, l/8n]) for all x £ , which implies x{^ + v) ^ 
(/([— l/4n, l/4n]) and hence, by (a), x -\- y £ {l/n)U. 

(d) is an immediate consequence of (c). QED 

The following proposition allows us to find large, in appropriate sense, minimal subgroups in a locally minimal group. 
Proposition 5.4 Let G be a U-locally minimal group. 

(a) ( [141 Lemma 2.3]) Let H be a closed central subgroup of G such that H -\-V C U for some neighborhood V of in G. 
Then H is minimal. 




r > 



(l/n)C/= fl x"'((l/")T+) = fl x"'(g([-l/4n,l/4n])), andU, 



n kerx. 




OfG. 
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(b) Assume additionally that U is a GTG set. Then 

(bl) ([H Theorem 5.12]) Uao is a minimal subgroup. 

(b2) ( 4, Corollary 5.15]) {l/m)U = Uoo is an open minimal subgroup provided that G has finite exponent m. 

For a topological abelian group G, let tT(G, G^) denote the initial topology on G with respect to all continuous characters 
of G. 

Proposition 5.5 Let {G,t) be a maximally almost periodic abelian topological group. If G is locally minimal with respect 
to a GTG neighborhood U , then r is the supremum of the topologies (j{G, G^) and Tu- particular G is locally GTG. 

Proof. The supremum topology cr(G, G^) V Tu is obviously coarser than r. It is well known that cr(G, G^) is a Hausdorff 
group topology if and only if G is maximally almost periodic. Hence a{G, G^) V 7[/ is a Hausdorff topology. Obviously, U 
is a neighbourhood of in a{G, G^) V Tjj- So, since G is [/-locally minimal, cr(G, G^) V Tjj = t holds. As the supremum 
of finitely many locally GTG group topologies, r is locally GTG as well. QED 



5.2 Locally quasi-convex UFSS group topologies 

In this subsection we continue the study of the algebraic structure of locally minimal groups we started in [U §5.2]. We 
show that every unbounded abelian group can be endowed with a non-discrete locally quasi-convex UFSS group topology. 
This is of interest, since for no prime p the group Z(p°°) admits a minimal group topology (|14]]). 

Lemma 5.6 For every increasing seguence (to„) of natural numbers the group ®„gpjZ(p™") admits a non-discrete locally 
guasi-convex UFSS and hence locally minimal group topology. 

Proof. Let us take the quotient of the Banach space of null sequences co with respect to the subgroup D :— (e„ : rt G N) 
(where e„ is the n-th unit vector). Recall that cq :— {{xn) G : Xn 0} is endowed with the topology induced by the 
norm ||(a;„)||oo := sup{|a;„| : n G N}. In particular, D is discrete. According to Proposition 15 . If b) and (c), every subgroup 
of cq/D is UFSS and hence locally minimal. This holds in particular for G := {p~"^"en)/D. Since p~'""e„ — in cq, the 
group G is not discrete. Furthermore, G is algebraically isomorphic to 0„gN^(P™")- 

Since subgroups of locally quasi-convex groups are locally quasi-convex, it is sufficient to show that cq/D is locally 
quasi-convex. 

Let B be the closed unit ball of cq, and (p : Cq ^ cq/D be the canonical epimorphism. We shall show that for every 
m e N, (p{^B) coincides with its quasi-convex hull Q{(p{^B)). 

Note that the dual of cq/D can be algebraically identified with the group Zq of all eventually zero integer sequences. 
Indeed, for any continuous character x of cq/D, we have X ° G Cq ; according to [34], we may identify the dual group 
of Co with the dual space Cq, and it is a well known fact that Cq ip ^ ((^(e„))„gN is an (algebraic) isomorphism. 

(Recall that is the sequence space of all absolutely summable sequences.) Hence, there exists (A„) € such that 
x(f{x)) = <l(Yl^=i ^nXn) for every x G cq; in particular q{0) — xivi^n)) = <z(A„) for every n e N and we deduce 
(A„) G li^; since this sequence is in it must be eventually null. 

Fix TO G N. We will show that {(p{^B)f = {(fc„) G : l^nl < m}. The inclusion " D " is easy. Suppose now that 
(kn) G Zq is such that ^ > to; we will find x G -^B with q{J2 ^nXn) ^ '?([~l/4, 1/4]). For this, fix some 5 G M with 
l/4<<5<min{:ji^E|A;„|, 1/2}. Put 

E \kn\ 

It is clear that x = (x„) G -^B. On the other hand, ^ knXn — 5 ^ [—1/4, 1/4] + Z. 

Now let us show that {(fc„) : J2 l^nl ^ "i}^ = 'fii^-^)- Again the inclusion "D" is easy. For the reverse inclusion, fix 
X € Co with (p{x) G {(fc„) : I'''"! — ™}^; we need to prove that <p{x) G ip{-^B). For every fc G {1, 2, • • • , to} and every 
J G N we have kej G {(fc„) : ^ |A;„| < m}. Hence kxj G [—1/4, 1/4] -I- Z for every such k and j. We deduce Xj G [—4^, 4^] 
for every j G N. QED 

Lemma 5.7 Let G be an unbounded abelian group. Then G contains a subgroup H of one of the following forms: 
(i) H^Z, 
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(ii) H = 7j{pn), where pn is an infinite set of distinct primes; 
(Hi) H = Z(]3°°) for some prime p. 
(iv) H — for some prime p. 

Proof. If G is not a torsion group, it has a subgroup isomorphic to Z (case (i)); otherwise it is a torsion group and hence 
direct sum of its p-primary groups, i.e. G — ® Gp. So if for infinitely many p the group Gp is not trivial, then case (ii) 
applies. Next we may assume that G ^ Gp. If G is not reduced, then it has a subgroup isomorphic to Z{p°°) (case (iii)). 

If G = Gp is an infinite reduced abelian group, then fix a basic subgroup B of G, i.e., i? is a pure subgroup of G (this 
means that p"_B = Br\p'"^G for every natural n) that is a direct sum of cyclic subgroups and G/B is divisible [19, 32.2]. It 
suffices to see that B is unbounded; then clearly B will contain a subgroup H as in (iv). Assume for a contradiction that 
p^B = 0. Then divisibility of G/B yields p"G + B = G. Since B n p"G = p"B ^ 0, this sum is direct. Then p"G ^ G/B 
is divisible, hence zero as G is reduced. So G = i? is bounded, a contradiction. QED 

Theorem 5.8 Let G be an abelian group. Then the following assertions are equivalent: 

(a) no subgroup of G of size < c admits a non-discrete locally minimal and locally GTG group topology; 

(b) no countable subgroup of G admits a non-discrete locally quasi-convex UFSS group topology; 

(c) G is bounded. 

Proof. The implication (a) (b) is obvious as UFSS groups are locally minimal and locally GTG. 

(b) (c): Suppose that G is not bounded. Let us show that there exists a non-discrete locally quasi-convex UFSS 
group topology on any subgroup H of each of the forms (i) to (iv) in Lemma 15.71 

In cases (i) - (iii) the group H can be embedded (algebraically) in T, in such a way that H is dense in T. Since endowed 
with the usual topology, T is a UFSS group, H can be endowed with a UFSS group topology according to Proposition 
IS.lf b). which is not discrete. In case (iv), this is a consequence of Lemma 15.61 

For the proof of (c) ^ (a), let Go be a subgroup of G of size < c. We can assume without loss of generality that Go is 
infinite. Let r be a locally GTG and locally minimal group topology on Go. According to Proposition 15. 4f b2'). Go has an 
open, minimal subgroup iJ, which is also bounded. 

Let us see first that H is finite. Indeed, if is a minimal abelian group of size < c. Hence rp{H) < oo for all primes p 
(see [ini Corollary 5.1.5]). Since iJ is a bounded abelian group we conclude that H is finite. Since H is open, r is discrete. 
QED 

Corollary 5.9 Every unbounded abelian group admits a non-discrete locally quasi-convex UFSS group topology. 

Proof. Let G be an unbounded abelian group. By Theorem 15.81 some subgroup H < G admits a non-discrete locally 
quasi-convex UFSS group topology. This topology can be extended to a non-discrete locally quasi-convex UFSS group 
topology on G by declaring H to be open in G. QED 

Remark 5.10 In gl Gorollary 4.25] it was proved, using completely different methods, that an abelian group is unbounded 
iff it admits a non-discrete UFSS group topology. 

6 Almost minimal groups 

6.1 The notion of almost minimal group 

Our aim is to replace local minimality by a stronger property that still covers local compactness, UFSS and minimality 
(in the abelian case), but goes closer to them in the following natural sense: 

Definition 6.1 A topological group G is called almost minimal if it has a closed, minimal normal subgroup N such that 
the quotient group G/N is UFSS. 
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Remark 6.2 Note that, with the above notations, TV is a G^-set in G (since N is the inverse image of the neutral element 
in the metrizable group G/N). 

Moreover, if N is also abelian then the Prodanov-Stoyanov Theorem implies that N is precompact. 

Example 6.3 Minimal groups, as well as UFSS groups, are almost minimal. 

Lemma 6.4 (IVIerzon's Lemma, 116, Lemma 7.2.3]) Let H he a subgroup of a group G and let t, a he two (not 
necessarily HausdorjJ) group topologies on G such that t < a, T\fj — <J\fj. and the topologies on the quotient group G/ H 
satisfy t = a . Then t — a. 

Almost minimal groups are locally minimal. In fact 

Theorem 6.5 For a topological abelian group G the following conditions are equivalent: 

(a) G is almost minimal. 

(h) There exists a GTG neighborhood of zero U such that G is U -locally minimal and G/Uoo is UFSS. 

(c) There exists a GTG neighborhood of zero U such that G is U -locally minimal and for every V € V(0) there exist 
neN and a finite F CU^o with {l/n)U C F + V. 

Proof. (a)=^(c): Let {G,t) be an almost minimal topological group with closed minimal subgroup N such that G/N is 
UFSS with distinguished neighborhood W. This means in particular, that the quotient topology r coincides with TV- 

Let TT : G — !• G/N denote the canonical projection and let cr be a Hausdorff group topology on G coarser than t such 
that U :— TT^^{W) G V(j(0). Since inverse images of GTG sets by group homomorphisms are GTG (see P', Lemma 4.9(a)]), 
[/ is a GTG set. Moreover = Tr'^iW^) = N. 

Since N is minimal, we have a\N = tIat. 

We show next that the quotient topologies ct and r on G/N coincide. To this end we note first that < r as a 
consequence of cr < r and 7r([/) = is a ct- neighborhood of ^GjN hence Tw < 5" £ t = TV, which shows that ct — t. Now 
we can apply Merzon's Lemma to obtain that cr = r and hence G is [/-locally minimal. 

Let 1/ be a neighborhood of zero in G. Fix another zero neighborhood V such that V' -\-V' C V. There exists n G N 
with {l/n)W C 7r{V'). Hence 

{l/n)U = {l/n)Tr-\W) ^ 7r"^((l/n)W^) C 7r"V(V^') = V' ^ U^. 

Now, since Uoo is precompact by Prodanov-Stoyanov's theorem, there exists a finite F C Uoo with Uoo Q F -\- V . Thus 
{l/n)U C F + V' + V' C F + V. 

(c)=^(b): Fix U as in (c). Let us see that G/U^ is UFSS. Since U is GTG, there exists m e N with {1 / m)!/ + {I / m)U C 
U. We will prove that W := 7r((l/m)[/) is a distinguished neighborhood of zero in G/Uoo- Li order to do this, fix V" G V(0). 
By hypothesis there exist n £ N and a finite F C Uoo such that {l/n)U C F + V. In particular {l/n)U C Uoo + V, 
and we deduce {l/n){{l/m)U + Uoo) C {l/n)U ^ Uoo + V. Now, {l/m)U + Uoo = 7r-i7r((l/m)[/) = tt-\W), hence 
7r-\{l/n)W) = {l/n){n'\W)) ^ Uoo + V, so il/n)W C niUoo + V)^ t:{V). 

(b)=>(a): This is an immediate consequence of the fact that if G is a [/-locally minimal abelian group where [/ is a 
GTG set, then Uoo is a minimal subgroup (see Proposition 15. 4f bl 'I). QED 

It is not difficult to show that if G is almost minimal, a convenient U € V(0) can be chosen which simultaneously 
satisfies (b) and (c). However, in order to avoid ambiguities, in what follows we will use the expressions U witnesses almost 
minimality of G or G is U -almost minimal as substitutes for condition (b). 

Proposition 6.6 Every maximally almost periodic, almost minimal group is locally GTG. 

Proof. By Theorem 16. 51 fb). there exists a GTG neighbourhood U such that G is [/-locally minimal. The assertion is now 
a direct consequence of Proposition [531 QED 

Proposition 6.7 Let H be a dense subgroup of an abelian topological group G. Lf H is almost minimal then G is almost 
minimal, too. 
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Proof. Let iV be a closed minimal normal subgroup of H such that H/N is UFSS. According to the Grant-SuUey Lemma 
(see the proof in [121 Lemma 4.3.2]), H/N G/N is an embedding with dense image. Because of the minimality criterion 
fTheorem l3.ip . iV is a minimal and (trivially) closed subgroup of G. Since G/N has a dense UFSS subgroup, it is UFSS 
(see Proposition 15 . 1 f a) ) . QED 

Remark 6.8 Complete almost minimal abelian groups have some interesting properties that are worth mentioning. In- 
deed, such a group G has a compact subgroup N such that G/N is UFSS, in particular metrizable. Hence G is almost 
metrizable so Cech complete (being complete). This implies that G is a fc-space and also a Baire space. 

In the remaining part of this section we show that every locally quasi-convex locally minimal group can be embedded 
into an almost minimal group. The proof makes use of some properties of free abelian topological groups which are 
reminded beforehand. Moreover, by applying an open mapping theorem to this embedding, we show that every complete 
locally quasi-convex locally minimal group is already almost minimal. 

We start with a typical example of a locally quasi-convex UFSS group that we are going to need in what follows: 

Example 6.9 For a compact space K, the group C{K, T) of continuous functions K T endowed with the topology of 
uniform convergence is a locally quasi-convex UFSS group with distinguished neighborhood U ~ {f E C{K,T)\ J{K) C 
T+}; actually, {l/n)U = {/ e C{K,T)\ f{K) C (l/n)T+}. We are going to deal with the following particular case: K is 
the polar V of a neighborhood F G V(0) in an abelian Hausdorff group. The fact that this set is compact is a standard 
one; see e.g. [Sj Proposition 3.5]. 

Locally quasi-convex UFSS groups form the group analog of normed spaces. Since every normed space can be embedded 
in a Banach space of the form C{K) (the continuous functions of a suitable compact space K into the field) it is natural 
to ask whether locally quasi-convex UFSS groups have a similar property. 

Proposition 6.10 Let {G,t) he a locally quasi-convex UFSS group with distinguished quasi-convex neighborhood V. Then 

/3:(G,r)-^C(y^T), x ^ aG{x)\v> 

is an embedding. 

Proof. It is obvious that /3 is a homomorphism. For x £ G and x G x{^) = o:g{^){x) — l^{^)ix)j then by Proposition 

[E31(b), 

il/n)V - {x e G\ xix) e (l/n)T+ Vx G V^}, 
which implies f3{{l/n)V) = im/3 n {/ G T)| fiV) C (l/n)T+}. This shows that (3 is an embedding. QED 

Facts 6.11 (A) For every Tychonoff space X, the free abelian topological group A{X) exists and is characterized by the 
following properties: there exists an embedding rj : X ^ ^{^) such that rj{X) is a basis of A{X) and for every 
continuous mapping f : X ^ H where H is an abelian topological group there exists a continuous homomorphism 
F : A{X) H which satisfies Forj = f. (JEM) 

(B) For a compact Hausdorff space K , the free abelian topological group A{K) is a hemicompact k-space, and a cobasis 
for the compact sets is given by the family of sets {ri[K)+ +ri{K) : n G N} (1251). 

(C) For a compact Hausdorff space K, the dual group of A{K) is topologically isomorphic to C{K^T); more precisely, 
A{K)'^ — > C(i^, T), X I— )• X ° «s topological isomorphism f\SUf ). In particular A{K)^ is a UFSS group (according 
to Example \6.9\) . 

(D) A quotient mapping of a hemicompact k-space onto a Hausdorff space is compact covering f\28^ }. 

Theorem 6.12 Let {G,t) be a locally quasi-convex locally minimal topological group. Then {G,t) can be embedded into 
a complete locally quasi-convex topological group A such that the latter group has a compact subgroup B such that A/B is 
UFSS and N := GOB is a minimal subgroup of G. In particular, A is an almost minimal group. 
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Proof. Let [/ be a quasi-convex neighborhood of in G which witnesses local minimality. According to Proposition l5.4f bl). 
N := Uoo is minimal. Further, K := is a compact subset of G^. Let $ : A{K) — >■ be the continuous homomorphism 
which extends the embedding cj) : K ^ and let p be the final topology on G^ induced by H := ^{A{K)) — {If^) is 
an open subgroup of (G^ , p) . Since G^ (with the compact-open topology) is a Hausdorff group and p is a finer topology, 
{G^,p) is a Hausdorff group, too. Since ip : A{K) — ^ {H,p\h), x $(2;) is a quotient mapping. Facts WAT\ (B) and 
(D) imply that ip is compact covering. Since N — Uoo ^ U, we have C N'^ and since the latter set is a subgroup, 
H = {U") C N". 

Let (7 be the group topology on G of uniform convergence on the compact subsets of (G^, p) this means, a neighborhood 
basis of is given by the sets (S"') where S runs through all compact subsets of {G^,p). 
We shall show that 

(a) ?7 is a neighborhood of in (G, a). 

(b) (G, a) is a Hausdorff topological group. 

(c) a < T. 

(a) Since U is quasi-convex, we have U = U'^'^. It remains to observe that If^ = K is a. compact subset of {G^,p); 
indeed, rj : K A{K) and $ are continuous. 

(b) This is clear, since G is maximally almost periodic. 

(c) Let 5 be a compact subset of (G^,p). By the definition of p and since H is open in {G^,p), there is a compact 
subset 5*0 contained in {H, p\h) and a finite set {xi, ■ . • , Xn} in G^ such that S C Uj=i(Xi + ■S'o)- Hence 

n 

s^^f]{x,+Sor^{i/2)s^n{i/2){xi,...,xnr. 

Since ip is compact covering, there exists m E N such that -i/;(?7(i4r)-|- .™. 4-?7(iir)) = (i4r+ .™. +K) D Sq. Now 
Proposition OTb'l implies that {l/m)U C .™. C S*^ and hence (l/2m)[/ C (1/2)5;?. Since (l/2){xi, . . . , XnV 

is a neighborhood of in r it follows that a is coarser than r. 

By assumption, {G,t) is locally minimal with respect to U, so (a)-(c) imply that a = t. 

Hence 

/3:G-^(G^p)^ x ^-^ (x x(x)) 

is an embedding where the character group is (as usual) endowed with the compact-open topology. Since H is open in 
{G^,p), is a compact subgroup of {G^,p)^. We define A :— {G^,p)^ and B :— . A is complete. Indeed, A is the 
character group of {G'^,p), which has an open hemicompact subgroup. Hence the assertion follows from Proposition 7.1 
in [lO]- 

Then, A/B = (see [9j Lemma 2.2]) and since ip ■ A{K) H is compact covering, the dual homomorphism is an 
embedding. Therefore, by Facts [^mT C) , is topologically isomorphic to a subgroup oiC{K,T) and hence UFSS. From 

r\B) = r\H^) ^{xeG\ P{x) e H^} = {xeG\ x{x) = Vx G (7^} = f) ker(x) "''"^E^'^ [/^ 

the assertion N = 13^'^ {B) follows. QED 

Lemma 6.13 [Open Mapping Theorem] Let G he a closed and B a compact subgroup of the abelian Hausdorff group (A, r). 
Let N -.^ BnG. Then l : G/N A/B, x + N^^x + Bisan embedding. 

Proof. Note first that the canonical homomorphism f : A A/ B is closed. Indeed, if C A is closed, then F + B — 
f^^{f{F)) is still closed as B is compact. Since / is an open map, this implies that f{F) is closed. In particular, the image 
/(G) of G under / is closed in A/B. Since l : G/N — > A/B is a continuous injection, it suffices only to check that l is 
closed. But this is obvious, since / \g: G f{G) is a closed map (as G is closed in A) and coincides with the composition 
of L and the surjection G -> G/N. QED 

Corollary 6.14 Every complete locally quasi-convex locally minimal abelian group is almost minimal. Ln particular, every 
LCA group is almost minimal. 
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Proof. Let G be a complete locally quasi-convex locally minimal abelian group. According to Theorem 16.121 G can be 
embedded into an almost minimal group A which has a compact subgroup B such that A/B is UFSS and N := G B is 
minimal. Since G is complete, its image in A under the embedding is closed. According to Lemma [6. 131 G/N A/B is 
an embedding. Since subgroups of UFSS groups are UFSS (Proposition 15 . 1 f b) ) . the assertion follows. QED 

The following generalization of Corollary 16.141 is based on the fact that forming completions preserves both local 
minimality (Corollary [STJa)) and local quasi-convexity (this is Lemma 8 in [10]; see also Corollary 6.17 in [3]): 

Corollary 6.15 The completion of a locally quasi-convex locally minimal abelian group is almost minimal. 

However, a locally quasi-convex (even a precompact) locally minimal abelian group need not be almost minimal, as we 
will see in Example 16.171 below . Before presenting this example, we give a positive result which pushes the criterion of local 
minimality to a higher level, thus identifying the almost minimal groups among all precompact locally minimal groups. 

Proposition 6.16 // G is an abelian precompact locally minimal group, then G has a minimal closed subgroup N such 
that G/N admits a continuous monomorphism G/N ^ T" for some n € N. 

Proof. Let G be {/-locally minimal, where [/ is a quasi-convex neighborhood of 0. The closed subgroup N = Uoo is minimal 
(Proposition [531[b)), the quotient G/N is precompact as well, and it admits the coarser UFSS (and precompact) topology 
induced by Tu- The completion K = G/N, with respect to that coarser UFSS and precompact topology, is a compact 
UFSS group according to Proposition 15 . iT a) . It is a well known fact (see for instance 32.1]) that every compact UFSS 
group is a Lie group. This implies that that K can be embedded in T" for suitable n e N. QED 

As we have already said, this "smallness" of the quotient G/N with respect to the closed minimal subgroup N does not 
imply that all precompact locally minimal groups are almost minimal, as the example given in the next subsection shows. 

6.2 A locally minimal, metrizable, precompact abelian group need not be almost minimal 

Example 6.17 There exists a locally minimal, metrizable, precompact abelian group which is not almost minimal. More 
concretely, we will find a metrizable precompact locally minimal abelian group G which has a closed subgroup N such 
that G/N is not UFSS and any minimal subgroup of G is contained in N. Hence, if N' is any closed minimal subgroup 
of G, there exists a continuous epimorphism G/N' — >■ G/N. Since every continuous homomorphic image of a precompact 
UFSS group is UFSS (see [1 Corollary 3.15]), this implies that G/N' cannot be UFSS. 
Let us fix some notations: We consider the subgroup Z of the discrete group Q. As 

- (Q/Z)^ = (0Z(p-))^ = n^p' 

per psP 

and the group of p-adic integers is monothetic for every p (topologically generated by Ip €E Zp), we can fix an isomorphism 
Z^ — !■ JlpGP ^^'^ select elements Op E Z^ corresponding to Ip. Making use of this isomorphism we write Z^ — JlpeP^p 
where Hp = (op). Let 

h-.Q'^ ^Q'^/Ylp^Mp^-.K 

per 

be the canonical projection. The group K is divisible, monothetic, compact and connected (as has these properties, 
see [221 24.25, 24.32]). This will be tacitly used in the sequel. Let a; be a topological generator of K. 
We consider the following subgroups of K: 

Cp. := {h{ap)) ^ Z(p2) 

G := (x) e N 
Lo ■= Ilp>2 

L ■■= Up&Cp'=K^^) = Z(4)xLo 

The precompact group G is the desired example of a locally minimal group that is not almost minimal. In order to 
prove this, we will make use of the following properties: 

(i) N^GnLo 
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"C" is easy. Conversely, {lx kx + 1 E G D Lo where t E N and k E Z. It follows that kx E Lq. Suppose fc ^ 0. The 
divisibility of K implies that 

K = kK ^ kjx) C (kx) C Lo, 

which is a contradiction. 
Items (ii) to (vi) are obvious: 

(ii) G is dense in K (since {K = (x)) and in particular it is precompact. 

(iii) N^l\p>2PCp- <Lo, 

(iv) Lo/N^Ylp>2m=N, 

(v) i/F= Z(4) X N. 

(vi) K/L = /i(Q^)//i(Z-L) ^ Q^/Z-L ^ T. 

(vii) K/Lo = T. 

In order to prove (vii), observe that the connected group K/Lq has a subgroup L/Lq = C22 = Z(4) (by the definitions) 
and further {K / Lq) / {L / Lq) K/L = T (by (vi)). Let X denote the dual group of K/Lq. According to [H 24.25], 
X is torsion-free and X has a subgroup {L/Lq)^ = {{K / Lq) / {L / Lq))^ 9i {K/L)'^ = Z of index 4, since 

{K/Lo)^/{L/Lo)-^ = (L/Lq)'' ^ Z(4). Therefore, X = Z too. 

Now the formula (vii) provides a continuous surjective homomorphism : K ^ T with kernel Lq. Let W — 
C^^(Int(T_|_)). Since inverse image of GTG sets by group homomorphisms are GTG sets (see [H Lemma 4.9]), W is 
a GTG-neighborhood of in K such that Woo = C"^(Int(T+)oo) ker(C) = Lq. 

(viii) Every closed nontrivial subgroup S oi K contained in is a subgroup of Lq and has nontrivial intersection with N 
and hence with G. 

Observe first that S must be contained in Lq, the largest subgroup contained in W. Now we prove that every such 
S nontrivially meets N. It is a well known fact that a closed subgroup S of Lq must have the form S = Y[p>2 
where each Ap is a subgroup of the respective Cp2 ( |16l Example 4.1.3]). Clearly, Ap ^ for at least one p as S ^ 0. 
Then ^ pGp2 C SnN C SnG. 

(ix) G is locally minimal. 

This follows from Theorem 13. 5[ since by (viii) G is locally essential in K, as witnessed by W. 

(x) N is closed in G. 

This is clear, since N — G D Lq and Lq is closed in K. 

(xi) Every proper closed subgroup of G is contained in N. 

Assume that _ff is a subgroup of G not contained in N. Then H has an element of the form z = kx + t, for some 
non-zero k E N and t E N. Since t is torsion, there exists m > such that mz = mkx E H. Since K is divisible, for 
every j E N we have 

K ^ jK = j{x) C (jx). 

In particular for j — m,k we obtain K C (mkx) C H. This proves that H is dense in G whenever H is not contained 
in TV. 

(xii) Every minimal subgroup of G is contained in N. 

Let us show first that N is minimal. According to the minimality criterion (Theorem 13. ip . we have to show that N 
is essential in the compact group Lq and hence in iV < Lq. This follows from (viii). 

Since G itself is not minimal (as it has trivial intersection with the closed subgroup {h{a2)) of K), no dense subgroup 
of G can be minimal by the minimality criterion. Therefore, the closure of every minimal subgroup of G is a proper 
subgroup of G and hence contained in N by (xi) . 
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(xiii) G/N is not UFSS. 

According to Proposition 15. II fa) and the Grant-Sulley lemma (see the proof in TJ^, Lemma 4.3.2]) this is equivalent 
to: K/N is not UFSS. By Proposition IS.ir b) it is sufficient to show that its subgroup L/N is not UFSS. By (v), 
L/N = Z(4) X iV is an infinite profinite group and hence not UFSS. 



Remark 6.18 This example shows that the counterpart for almost minimality of the criterion in Theorem 13.51 fails: a 
locally essential dense subgroup of a compact group may fail to be almost minimal. 

The above construction of the group G depends on the choice of the topological generator x of K. This is why we denote 
it in the sequel by Gx- It is known that the set gen{K) of topological generators of iiT is a dense G^-set of K of Haar 
measure 1 |21| . In particular the following Proposition implies that one has c-many pairwise non- isomorphic groups G 
with the properties of the above example. 

Proposition 6.19 With the above notations, for x, z E gen{G) 

Gx = Gz as topological groups Gx — Gz '^=^ z — ±x. (*) 

Proof. Both implications "<J=" are obvious. Assume that / : Gx — >■ Gz is an isomorphism. Then its extension to the common 
completion K provides a topological isomorphism g : K ~^ K . The automorphism g oi K can be lifted to a continuous 
automorphism r/ : — !■ Q^, i.e., g o h ^ h o rj. To prove this just note that the injectivity of the homomorphisms 
h^ : Q^^ = Q allows us to consider as a subgroup of Q, so the endomorphism g^ : can be extended 

to an endomorphism ^ : Q — Q of the divisible group Q such that ^ o — h^ o g^. Being £, Q ^ Q nontrivial, it is an 
automorphism. Now choose 77 with ^ — rj^- 



Since g is an automorphism of K , the equality g o h — h o -q yields 

?7(ker h) ~ ker h = TL^ . 

Observe that is a divisible torsion-free abelian group, so that multiplication by rationals r G Q makes sense. There 
exists 7^ r G Q such that ^(1) = r and it follows easily that /^(t) = rt for all t € Q^. Say r — a/6, with a,b G TL \ {0}. 
To prove that g — dzidpc it suffices to prove that rj = ztidQA . Since for every p the group Hp is g-divisible for every prime 
q ^ p, one has r]{Mp) — p"p'^''^]HIp, where Vp{r) is determined by r = p^^^^'^p-, where the integers a', b' are coprime to p and 
{a',b') = 1. Thus ?7(0pHp) = 0pP^''('')Hp. Note that only finitely many Vp{r) may be distinct from (namely, for the 
prime divisors p of a or 

b), so 0pP''''('')Hp = npP''''^'''KIp. Therefore, by the density of 0^ p^Hp in ker/i = IlpP^lHIp 

r)+2T, 



jikevh) = 77 ( 0p2Hp ] = ( 0p2Hp ] = 0p2^(Hp) - YIp^^^-^^ 
\ p / \ p / p p 



iip. 



This yields J|j^p"p('")+^]HIp — JJpP'^^p, therefore Vp{r) = for all p. Hence r = ±1. This proves that t] = ±idK- In 
particular, Gx = Gz- 

To prove the second implication in (*) assume that Gz — Gx- From x € Gz and z G Gx we conclude that x = kz + ti 
and z — mx + t2- Therefore, x — knix + ti + kt2- Hence (1 — km)x G iV is torsion. As x is non-torsion, this is possible 
only when mk = 1, i.e., z = ±x. QED 

Remark 6.20 (a) It can be proved that in a certain sense the above example is the smallest possible example of a 
precompact locally minimal group that fails to be almost minimal. In fact, we show elsewhere that every precompact 
locally minimal group topology on the free abelian group Z" is almost minimal. 

(b) One can produce in a similar way a precompact locally minimal non-almost minimal group topology also on the 
free group 0^ Z. Indeed, take Hp, Op as above, fix a topological generator y of and a prime q, and put now 
K = Q^/Mq, with h ■- ^ K the canonical map. For p ^ q let Fp = (/i(ap)), N = ®p^g pFp, x = h{y) and 
G = (x) Q) N. Then G is a free abelian group of rank lu, it is a dense locally minimal subgroup of K, N is the largest 
minimal closed subgroup of G and G/N is not UFSS. Consequently, G is not almost minimal. 
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7 Open questions 

Here we collect some open questions concerning almost minimality. 

Question 7.1 Let U C G witness almost minimality and let F C t/ be a GTG neighborhood of 0. Does V also witness 
almost minimality? 

Minimal abelian groups are precompact, hence locally GTG. According to Theorem 16.51 every almost minimal abelian 
group G has a GTG neighborhood U of zero such that G is J7-locally minimal. Moreover, every maximally almost periodic, 
almost minimal group is locally GTG fProDOsition l6.6| ). So it is natural to ask whether the hypothesis "maximally almost 
periodic" can be dropped: 

Question 7.2 Is every almost minimal abelian group a locally GTG group? 

Taking closed subgroups preserves both UFSS and minimality. This suggests the following 

Question 7.3 Is almost minimality preserved by taking closed subgroups? 

Question 7.4 Under which conditions is a dense subgroup H of an almost minimal group G, almost minimal? A necessary 
condition is "H is locally essential" but according to Example I6.17[ it is not sufficient (see Remark l6.18p . 

Question 7.5 (compare with Corollarv l6.14p Arc the complete locally GTG locally minimal groups also almost minimal? 

We showed in @J Corollary 5.9] that the completion of a locally GTG group is locally GTG. Hence, Question 17.51 is 
equivalent to the following 

Question 7.6 (compare with Corollary I6.15P Is the completion of a locally GTG locally minimal group always almost 
minimal? 
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